Abstract. Let C be an arbitrary planar convex body. We prove that C contains an axially symmetric convex body of area at least 2 3
|C|. Also approximation by some specific axially symmetric bodies is considered. In particular, we can inscribe a rhombus of area at least 1 2 |C| in C, and we can circumscribe a homothetic rhombus of area at most 2|C| about C. The homothety ratio is at most 2. Those factors 1 2 and 2, as well as the ratio 2, cannot be improved.
In the survey article about measures of symmetry of convex bodies, Grünbaum suggests to consider measures of axiality of convex bodies and other measures of this kind (see [12] , p. 263). The general problem of finding a large k-symmetric convex body in a convex body of Euclidean d-space E d is considered by Chakerian and Stein [3] . A few measures of axiality are proposed by deValcourt [5] .
Our aim is to approximate convex bodies of Euclidean plane E 2 by axially symmetric bodies. We are interested in three such kinds of approximation. For a given convex body C ⊂ E 2 we are looking for an axially symmetric convex body A of possibly large area contained in C, for an axially symmetric convex body B of possibly small area containing C, and for an axially symmetric convex body D such that D ⊂ C ⊂ h(D), where h is a homothety with possibly small positive homothety ratio. We are also looking for some specific axially symmetric bodies like rhombi, isosceles triangles and some axially symmetric hexagons which well approximate C.
The area of a convex body C ⊂ E 2 is denoted by |C| and the length of the segment ab by |ab|. Nohl [18] proves that every centrally symmetric convex body C ⊂ E 2 contains an axially symmetric convex body of area at least 2( √ 2 − 1)|C| and that the coefficient 2( √ 2 − 1) cannot be enlarged. Krakowski [15] shows that every convex body C ⊂ E 2 contains an axially symmetric convex body of area at least 5 8 |C|. We improve this coefficient up to 2 3 . We also show that C is contained in an axially symmetric convex body of area at most 31 16 
|C|.
Approximation of any convex body C ⊂ E 2 by specific axially symmetric bodies is considered by several authors. First of all, we have the two-dimensional case of the classic theorem of John [14] which says that for every convex body C there exists an ellipse contained in C such that its two times larger homothetic copy contains C.
There exists a rectangle R inscribed in C such that its homothetic copy of positive ratio at most 2 is circumscribed about C (see [19] , [17] and [20] ). In Theorem 1 we give an analogous theorem about approximation by a pair of homothetic rhombi. The above-mentioned theorems give corollaries about the existence of ellipses, rectangles and rhombi of area at least 1 2 |C| contained in C, and of area at most 2|C| containing C. Similar questions about isosceles triangles, axially symmetric octagons, and kites contained in C or containing C are considered by deValcourt [6, 7] .
A regular convex body in the plane is a convex body whose each boundary point lies in only one supporting line, and such that every supporting line meets this body only at one point (see [8] , p. 31).
Approximation by rhombi

Theorem 1. Let C ⊂ E
2 be a convex body. There exists a rhombus R inscribed in C such that a homothetic copy R of R is circumscribed about C. The positive ratio of homothety is at most 2.
Proof. First we consider a regular convex body C. For every direction θ we can inscribe exactly one rhombus R(θ) in C with a diagonal of direction θ. This follows from [4] , [9] and [21] .
Denote by a(θ), b(θ), c(θ) and d(θ) the consecutive vertices of R(θ); assume that the vector a(θ)b(θ) is parallel to θ and oriented as θ.
As we rotate θ, the vertices of R(θ) change continuously. This easily follows from the Bolzano-Weierstrass theorem (comp. [4] , where the continuity of the position of the angles of the rhombus R(θ) is shown).
For every R(θ) we construct the circumscribed parallelogram R (θ) of C with sides parallel to the sides of R(θ). It is clear that R (θ) exists and is unique for 2 ) for perpendicular directions θ 1 and θ 2 , we conclude that there exists a direction θ 0 such that f (θ 0 ) = g(θ 0 ). Thus R (θ 0 ) is a homothetic copy of R(θ 0 ). From the Lemma in [17] , where s 1 = s 2 , it follows that the positive ratio of homothety is at most 2. The statement of Theorem 1 is shown in the case of a regular convex body C.
An arbitrary convex body C ⊂ E 2 can be presented as a limit of a sequence of regular convex bodies C 1 , C 2 , . . . (see [8] ). As is shown above, for every C i there is a pair of homothetic inscribed and circumscribed homothetic rhombi R i and R i . By four consecutive choices (each for one vertex), from the sequence R 1 , R 2 , . . . we can select a subsequence which is convergent to a rhombus R inscribed in C. Since every R i is a homothetic copy of R i with a positive ratio at most 2, from the selected subsequence we can select a subsequence such that the corresponding subsequence of circumscribed rhombi is convergent to a rhombus R . Of course, R is a homothetic copy of R with a positive ratio at most 2. Thus we have obtained the promised pair R, R of homothetic rhombi.
The ratio 2 in Theorem 1 cannot be lessened because of the example of an arbitrary triangle as C. Also it cannot be lessened for centrally symmetric convex bodies. It follows from the example of any rectangle with the ratio of lengths of the perpendicular sides at least 2.
Analogously as in Part 6 of the proof of the Theorem in [17] , we show that the inscribed rhombus R in our Theorem 1 has area at least 1 2 |C|, and that the circumscribed rhombus R has area at most 2|C|. Thus we obtain the following Corollary 1, which answers the question of deValcourt [7] about a rhombus of possibly large area contained in C and about a rhombus of possibly small area containing C. 
Corollary 1. Let C be a planar convex body. We can inscribe a rhombus of area at least
Approximation by isosceles triangles
Every convex body C ⊂ E 2 is contained in a triangle of area at most 2|C| (Gross [11] ). We conjecture that C is contained in an isosceles triangle of area at most 2|C|. The second sentence of the following corollary gives only the factor 49 16 . One of the parallelograms contains translates of the three other parallelograms. We do not lose the generality of the considerations assuming that this largest parallelogram K is at the vertex a . Of course, the triangle T = bcd is isosceles. Now we describe the homothetic copy T promised in the formulation of Corollary 2. Two sides of T contain the segments b c and c d . The third side of T is parallel to the segment bd and passes through a vertex e of K in such a way that T contains all vertices of K different from a . Since a is on the boundary of C, from our construction and from the convexity of C we conclude that the third side of T is disjoint with the interior of C. So we have T ⊂ C ⊂ T . Of course, T is a homothetic copy of T . Let us estimate the ratio δ of this homothety and the area of |T |. Put κ = |ea |/|da|. The choice of K implies that κ ≥ 
Corollary 2. Let C ⊂ E 2 be a convex body. There exists an isosceles triangle T ⊂ C such that its homothetic copy T of ratio at most
. This inequality follows from 1 ≤ ρ ≤ 2. Since R is inscribed in C and since C touches the sides of R , we get |C| ≥ |R| + 2 ·
How much can the ratio in Corollary 2 be lessened? Surely not below 1 + 1 2 √ 5 because of the example of the regular pentagon as C; see [10] and [16] where analogous approximation by a pair of triangles (not necessarily isosceles) is considered. We omit here a construction of another pentagon such that, for each such pair of homothetic isosceles triangles, the ratio is larger than 1 + 
√
5. DeValcourt [7] presents two "theorems" which say that every convex body C ⊂ E 2 contains an isosceles triangle of area at least 3 8 |C| and that it is contained in an isosceles triangle of area at most 2|C|. He gives a mistaken proof of the first "theorem" and says that the proof of the second theorem is analogous. More precisely, he considers a triangle T ϕ of the maximum area inscribed in a strictly convex body C such that a side a ϕ a ϕ of T ϕ has a given direction ϕ. The proof is based on the false claim about the continuity of the function f (ϕ) = a /a , where a and a are the distances of a ϕ and a ϕ from the orthogonal projection of the remaining vertex of T ϕ on the straight line containing a ϕ and a ϕ . Here is an example of a strictly convex body D for which f (ϕ) is not continuous. Let > 0 be a small number (for instance, 0.01). We define D as the convex hull of the unit circle U centered at (0, 0) and of five arcs A 0 , A 1 , A 2 , A 3 , A 4 of circles. By A 0 we mean the small arc of the circle of radius 1 + , centered at (0, 0), between points p 1 = ( , √ 1 + 2 ) and p 2 = (0, 1 + ). Moreover, put p 3 = p 4 = ( , −1 − ). The arcs A i , where i ∈ {1, 2, 3, 4}, are arcs of four circles of a large radius (say, 1/ ) such that U is tangent to them from within: A i connects p i with the tangent point on U in the i-th quarter of the coordinate system. For the direction ϕ = 0 of the axis Ox we have two triangles T ϕ with the maximum possible area in D; the first has a vertex at p 2 and the second at p 3 . The ratios a /a for those two triangles are different. Even if we choose one of them, the trouble remains because the ratio a /a does not change continuously at ϕ = 0. Just the one-sided limits of this ratio at ϕ = 0 are different. Of course, the proof of deValcourt, as well as the omitted proof, is valid provided C is centrally symmetric.
By the way, the proof is also incorrect if by T ϕ we mean the triangle abc inscribed in C of the maximum possible area such that the vector ab is of the direction ϕ and such that a, b, c are in the counterclockwise order on the boundary of C. When such a triangle T ϕ becomes isosceles for a direction ϕ 0 , the applied in [7] result of Hodges [13] does not guarantee that |T ϕ | ≥ DeValcourt [7] conjectures that every convex body C ⊂ E 2 contains an isosceles triangle of area at least
4π |C| (which is true when we do not require that the triangle is isosceles, as proved by Gross [11] ). The following example disproves this conjecture. Let F be the ellipse √ 2). As we explain below, for a convex body G which is obtained from F by a sufficiently slight "enlargement" at the point ( √ 2, √ 2) and denote by G n the convex hull of F ∪ {u n }, where n = 1, 2, . . . . We claim that there is an index m such that G m can be taken in the part of G. Assume the opposite. Then for every n there exists an isosceles triangle T n ⊂ G n of area at least
4π |F | and with a vertex out of F . From the sequence T 1 , T 2 , . . . we can select a subsequence which converges to an isosceles triangle T . Of course, T ⊂ F , the point (
is a vertex of T , and the area of T is at least
4π |F |. We obtain a contradiction with the earlier observation that such an isosceles triangle does not exist.
Similar to Corollary 2, from the result about the approximation of a convex body by a pair of rectangles ( [19] , [17] , [20] ), we obtain the following corollary. 
Every convex body C ⊂ E 2 contains a rectangular triangle T ⊂ C such that a homothetic copy T of ratio
Approximation by arbitrary axially symmetric bodies
Remember that by an affine regular hexagon we mean any non-degenerate hexagon which is an affine image of the regular hexagon. In other words, a nondegenerate hexagon abcdef is affine regular if it is centrally symmetric, and if the side ab is parallel to the chord f c and is exactly two times shorter. We call a nondegenerated hexagon abcdef axially regular if the straight line through f and c is an axis of symmetry of this hexagon, and if the side ab is parallel to the chord f c and is exactly two times shorter. Here is a lemma analogous to the well known result of Besicovitch [1] that an affine regular hexagon can be inscribed in an arbitrary convex body C ⊂ E 2 .
Lemma. In every convex body C ⊂ E 2 we can inscribe an axially regular hexagon.
Proof. Assume that C is a regular convex body; at the end of the proof we will consider an arbitrary convex body C ⊂ E 2 . For any given direction θ there are three chords ab, f c, ed in C of this direction so that |ab| = |ed|, f c is equidistant from the straight lines containing ab and ed, and |f c| = 2|ab| (see [1] ). Since C is a regular body, those three chords are unique.
The chords ad, be and f c meet in a point o. The chords ad and be are bisected at o. For arbitrary θ consider the angles α = ∠f oa, β = ∠aob and γ = boc. Let H(θ) denote the hexagon abcdef determined by θ. Of course, for any direction θ there is a unique H(θ).
Besicovitch [1] rotates θ and applies continuity arguments in order to show that there is a direction θ 1 for which the position o 1 of o is the center of the corresponding chord f 1 c 1 . Thus H(θ 1 ) = a 1 b 1 c 1 d 1 e 1 f 1 is an affine regular hexagon. Denote by θ 2  the direction of the chord a 1 d 1 and by θ 3 the direction of the chord b 1 
Further consideration is similar in the remaining cases.
When rotating θ from θ 1 to θ 2 , all the six vertices of H(θ) and the point o change the positions continuously. Also the angles α, β, γ change continuously: α from α 1 to α 2 = β 1 , β from β 1 to β 2 = γ 1 , and γ from γ 1 to γ 2 = α 1 . Thus there is an angle θ * between θ 1 and θ 2 for which the corresponding angles α * and γ * are equal. Of course, H(θ * ) is an axially regular hexagon inscribed in C. The above solution for a regular convex body leads to a solution for an arbitrary convex body C ⊂ E 2 . Just C is a limit of a sequence of regular convex bodies (see [8] ). From the corresponding sequence of axially regular hexagons inscribed in those regular bodies we can select a subsequence convergent to an axially regular hexagon inscribed in C.
Below we improve the result of Krakowski [15] that every convex body C ⊂ E 2 contains an axially symmetric body of area at least 
|C|.
Proof. According to the Lemma, we can inscribe an axially regular hexagon H = abcdef in C . Without loss of generality we may assume that |f o| ≥ |oc|.
Consider the triangle pqr such that f a ⊂ pq, bc ⊂ qr and de ⊂ rp, and also the triangle p q r , where p , q , r are points symmetric to the points p, q, r with respect to the straight line through f and c. Since H is inscribed in C, from the convexity of C it follows that C is contained in the starshaped set S = pqr ∪ p q r (see Figure 2) .
We provide supporting lines of C at points a, c, e, f and we consider the halfplanes bounded by them and containing C. Let Q denote the intersection of those four half-planes and of S. The supporting lines at f and at c cut off from S four triangles of total area 1 3 |H|. Denote by W the starshaped set which remains from S after cutting off those four triangles. Consider the two triangles f sa and f et, where s and t are the intersections of the supporting line through f with the segments p a and pe, respectively. We do not make our considerations narrower assuming that ∠of s ≤ 90
• and that ∠tf o ≥ 90
• . The supporting line of C at a cuts off two triangles from W . Since |f a| = |aq| and |sa| ≤ |ab|, the total area of those two triangles is minimized when the supporting line contains f a; this is when we cut off the triangle f sa. Analogously, the supporting line of C through e cuts off two triangles from W . Since |f e| = |eq |, the total area of those two triangles is minimized when we cut off the triangle f et or if we cut off the triangle edq . The first case is when |te| ≤ |ed|, and the second case is when |te| ≥ |ed|. In each of the two worst cases, the sum of the areas of all the pieces cut off from S by the four considered supporting lines is at least It is likely that a better estimate than 2 3 |C| holds true. But the examples of some parallelograms (see [18] ) and triangles (see [2] ) show that an estimate over (2 √ 2 − 2)|C| is impossible. Theorem 2 implies the existence of an axially symmetric set (usually non-convex) containing C whose area is at most Proof. We will use the notation introduced in the proof of Theorem 2. Provide this supporting line M of C parallel to the segment ae which passes through pe. Denote by u a point of support and by w the intersection of M with pe (see Figure 3) .
Since the hexagon abcdef is axially regular and since |f o| ≥ |oc|, we have Case 1, when 1 ≤ σ ≤ 2. We provide L such that it bisects the segment wd (see Figure 3 ). Denote by l and m the intersections of L with the segments au and eu, respectively. Let k and n denote the intersections of L with the boundary of C (the notation is chosen such that km contains l). Through k and n we provide straight lines parallel to ab. Observe that the strip between them contains C 1 (if we assume that a point of C 1 is out of this strip, then the convexity of C and a, e ∈ C lead to the false conclusion that k or n is not in the boundary of C). Consequently, the strip also contains C 1 . This and the choice of L imply that C 1 ⊂ C.
Denote by v and z the orthogonal projections of u on the sgments ae and lm, respectively. We have |uz| = 2 ≤ σ ≤ 1. We provide the line L through points a and e. From the convexity of C and since the axially regular hexagon abcdef is inscribed in C, we conclude that C 1 is in the strip between the straight lines containing the segments ab and cd. This and σ ≤ 1 imply C 1 ⊂ C.
We provide supporting lines of C through b and d. They cut off four triangles from S. Since |qb| = |bc| and since |ab| ≥ |br |, we see that the area of the two triangles cut off from S by the supporting line through b is minimized when the line contains the segment bc. |abq| =
